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ISO/IEC Foreword

ISO

ISO

(the International Organization for Standardization) and IEC (the International Electrotechnical
Commission) form the specialized system for worldwide standardization. National bodies that are members of

or IEC participate in the development of International Standards through technical

committees

established by the respective organization to deal with particular fields of technical activity. ISO and IEC

tecH
and

nical committees collaborate in fields of mutual interest. Other international organizations, .gq
non-governmental, in liaison with ISO and IEC, also take part in the work.

Draft Guides adopted by the responsible Committee or Group are circulated to the membeér‘bodie
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righ

ISO
JC(Q

ISO

The

lication as a Guide requires approval by at least 75 % of the member bodies casting.a vote.

ntion is drawn to the possibility that some of the elements of this document may be the subje
{s. ISO shall not be held responsible for identifying any or all such patent righits:

IEC Guide 98-4 was prepared by Working Group 1 of the Joint Committee for Guides in M
M 106:2012), and was adopted by the national bodies of ISO andEC.

IEC Guide 98 consists of the following parts, under the generahtitle Uncertainty of measureme|
Part 1: Introduction to the expression of uncertainty in measurement

Part 3: Guide to the expression of uncertainty in measurement (GUM:1995)

Part 4: Role of measurement uncertainty in conformity assessment

following parts are planned:

Part 2: Concepts and basic principles

Part 5: Applications of the least-squares method

IEC Guide 98-3 has two supplements:.

Supplement 1: Propagation of distributions using a Monte Carlo method
Supplement.2:\Extension to any number of output quantities

following-supplement to ISO/IEC Guide 98-3 is planned:

vernmental

5 for voting.

ct of patent

btrology (as

nt:

Supplement 3: Modelling

Given that ISO/IEC Guide 98-3:2008/Suppl.1:2011 is identical in content to JCGM 101:2011, the decimal
symbol is a point on the line in the English version and a comma on the line in the French version.

Annex ZZ has been appended to provide a list of corresponding ISO/IEC Guides and JCGM guidance
documents for which equivalents are not given in the text.
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The JCGM and its member organizations have published this document to enhance access to information about
metrology. They endeavor to update it on a regular basis, but cannot guarantee the accuracy at all times and shall

not be responsible for any direct or indirect damage that may result from its use.

Any reference to commercial

products of any kind (including but not restricted to any software, data or hardware) or links to websites, over which
the JCGM and its member organizations have no control and for which they assume no responsibility, does not imply
any approval, endorsement or recommendation by the JCGM and its member organizations.
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Foreword

In 1997 a Joint Committee for Guides in Metrology (JCGM), chaired by the Director of the Bureau International des
Poids et Mesures (BIPM), was created by the seven international organizations that had originally in 1993 prepared
the Guide to the expression of uncertainty in measurement (GUM) and the International vocabulary of basic and
general terms in metrology (VIM). The JCGM assumed responsibility for these two documents from the ISO Technical
Advisory Group 4 (TAG4).

The Joint Committee is formed by the BIPM with the International Electrotechnical Commission (IEC)), the In-
ternational Federation of Clinical Chemistry and Laboratory Medicine (IFCC), the International Organization for

Standardizat,

of Pure and
ther organiz
Cooperation

JCGM has +{
promote the
Group 2, “W

to revise and

Documents {
evaluation aif
consistent as|

This documd
undertaken 1

ion  (ISQ) the International IInion of Pure and App]ipd Chemistry  (ITTTPAC) the International Union

Applied Physics

(IUPAP), and the International Organization of Legal Metrology (OIML). A fur-

tion joined these seven international organizations, namely, the International LaboratorycAcerdditation

(ILAC).

wo Working Groups. Working Group 1, “Expression of uncertainty in measurement”, has thq task to
use of the GUM and to prepare Supplements and other documents for its broad application. Working
orking Group on International vocabulary of basic and general terms in metrdlogy (VIM)”, has [the task
promote the use of the VIM. For further information on the activity of the)XJCGM, see www.bipm.org

uch as this one are intended to give added value to the GUM by pfeviding guidance on aspects of the
ld use of measurement uncertainty that are not explicitly treated-in‘the GUM. Such guidance wjill be as

possible with the general probabilistic basis of the GUM.

nt has been prepared by Working Group 1 of the JCGM, and has benefited from detailed|reviews

vy member organizations of the JCGM and National Metrology Institutes.

\Y
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Introduction

Conformity assessment (see , as broadly defined, is any activity undertaken to determine, directly or indirectly,
whether a product, process, system, person or body meets relevant standards and fulfills specified requirements (see
3.3.3). ISO/IEC 17000:2004 gives general terms and definitions relating to conformity assessment, including the
accreditation of conformity assessment bodies and the use of conformity assessment in facilitating trade.

In a particular kind of conformity assessment, sometimes called inspection (seef3.3.2)), the determination that a product
fulfils a specified requirement relies on measurement as a principal source of information. ISO 10576 1:2003 [22] sets

out guidelines for checkmg conformlty with spemﬁed limits in the case Where a quantu‘y (see is measured and a

resultif
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[ (see|3.3.5). The present document extends this approach to include exphc1t CODbldeI‘atIOIl ofjriskb
1 procedures for deciding conformity based on measurement results (see , recognizing)the
ility distributions (see|3.1.1)) as expressions of uncertainty and incomplete information.

baluation of measurement uncertainty is a technical problem whose solution is addréssed by J(
ide to the expression of uncertainty in measurement (GUM), and by and its.Supplements, J
102:2011 and JCGM 103 [3]. The present document assumes that a quantity-of interest, the
has been measured, with the result of the measurement expressed in a mafiner compatible with
ed in the GUM. In particular, it is assumed that corrections have bden applied to account for
ant systematic effects.

formity assessment, a measurement result is used to decide“if an item of interest conforms
bment. The item might be, for example, a gauge block or digital voltmeter to be calibrated in c
C 17025:2005 [23] or verified according to ISO 3650 [24] sor & sample of industrial waste water. T
ly takes the form of one or two tolerance limits (see @ that define an interval of permissible
ce interval (see , of a measurable property of the item. Examples of such properties include
block, the error of indication of a voltmeter, and the mass concentration of mercury in a sample
true value of the property lies within the tolerance interval, it is said to be conforming, and 1
ise.

The term ‘tolerance interval’ as used in gonformity assessment has a different meaning from the same t
stics.

eral, deciding whether an itemfconforms will depend on a number of measured properties and
more tolerance intervals asseeiated with each property. There may also be a number of possible
b to each property, given thé result of a measurement. Having measured a particular quantity, fo
decide to (a) accept the item, (b) reject the item, (c) perform another measurement and so on.

vith items having a-single scalar property with a requirement given by one or two tolerance limit
he in which there jare only two possible states of the item, conforming or non-conforming, an
bonding decigions, accept or reject. The concepts presented can be extended to more general dec

evaluation of measurement data, knowledge of the possible values of a measurand is, in ge
nveyed. by a probability density function (see|3.1.3)), or a numerical approximation of such a |

with an associated measnrement uncertainty or a coverage interval that contains the value of the me

bdge isoften summarized by giving a best estimate (taken as the measured quantity value (seeE

rith a tolerance
5, and develops
central role of

GM 100:2008,
GM 101:2008,
heasurand (see
the principles
all recognized

to a specified
mpliance with
he requirement
values, called a
the length of a
bf waste water.
on-conforming

brm as it is used

there might be
decisions with
r example, one
T'his document
5, and a binary
d two possible
sion problems.

heral, encoded
unction. Such

.2.6)) together

surand with a

stated

coverage probability (see [3.2.8) .

probability, based on information available after performing the measurement.

In a typical measurement, the measurand of interest is not itself observable.

An assessment of conformity with specified requirements is thus a matter of

The length of a steel gauge block,

for example, cannot be directly observed, but one could observe the indication of a micrometer with its anvils in
contact with the ends of the block. Such an indication conveys information about the length of the block through
a measurement model that includes the effects of influence quantities such as thermal expansion and micrometer
calibration. In conformity assessment, an accept/reject decision is based on observable data (measured quantity
values, for example) that lead to an inference regarding the possible values of a non-observable measurand [37].

Because of uncertainty in measurement, there is always the risk of incorrectly deciding whether or not an item conforms
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to a specified requirement based on the measured value of a property of the item. Such incorrect decisions are of two
types: an item accepted as conforming may actually be non-conforming, and an item rejected as non-conforming may
actually be conforming.

By defining an acceptance interval (see of permissible measured values of a measurand, the risks of incorrect
accept/reject decisions associated with measurement uncertainty can be balanced in such a way as to minimize the
costs associated with such incorrect decisions. This document addresses the technical problem of calculat
conformance probability (see and the probabilities of the two types of incorrect decisions, given a probability
density function (PDF) for the measurand, the tolerance limits and the limits of the acceptance interval.

A particular

acceptance interval _and its relation to a corresponding tolerance interval is shown in ﬁmn‘pm

Figure 1 — Binary conformity assessment where decisions are baséd on measured quantity values. The

true Yy
define

an iy

Choosing thd
associated w
the scope of

Acceptance interval ‘

A

Toleranceinterval |

ralue of a measurable property (the measurand) of an iteém is specified to lie in a tolerance interval

hterval defined by acceptance limits (see[3.3.8) (AL, A5 and rejected as non-conforming otherwise.

th deviations from intended product quality. A general treatment of the nature of such decisions i
this document; see, for example, referduces [14) [15], 34 [35] [36], [44].

by limits (71,,7Ty). The item is accepted as conforming, iflthe measured value of the property lies |n

ing the

tolerance limits and acceptance limits are Hbisiness or policy decisions that depend upon the consg¢quences

beyond

viii
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Evaluation of measurement data — The role of
measurement uncertainty in conformity assessment

1 S

cope

This document provides guidance and procedures for assessing the conformity of an item (entity, object or system)
with specified requirements. The item might be, for example, a gauge block, a grocery scale or a blood sample. The

proce

ures can he annlied where the followine conditions exist:
4 &

th
sy

N|
of

al

th
tH

p
td

The p

e item is distinguished by a single scalar quantity (see|3.2.1)) (a measurable property) defined to
fficient to be reasonably represented by an essentially unique true value;

OTE The GUM provides a rationale for not using the term ‘true’, but it will be used inthis docume
herwise a possibility of ambiguity or confusion.

i interval of permissible values of the property is specified by one or two tolerance limits;

e property can be measured and the measurement result (see expressed in a manner

e principles of the GUM, so that knowledge of the value of the property can be reasonably des
obability density function (see[.1.3) (PDF), (b) a distribution fanetion (see[3.1.2), (c) numerical 4
such functions, or (d) a best estimate, together with a coverageinterval and an associated coverd

rocedures developed in this document can be used to,‘realize an interval, called an acceptarn

h level of detail

it when there is

onsistent with
ribed by (a) a
pproximations
ge probability.

ce interval, of

permigsible measured values of the property of interest. Aé¢céptance limits can be chosen so as to ballance the risks

associ

Two t|
assure|
accept
measu|

This
more
as refq

ited with accepting non-conforming items (consumner’s risk) or rejecting conforming items (prod

that a desired conformance probability for'a single measured item is achieved. The second if
ance limits to assure an acceptable levelbof confidence on average as a number of (nominally iden
red. Guidance is given for their solution.

ocument contains examples telillustrate the guidance provided. The concepts presented can |
eneral conformity assessmetit-problems based on measurements of a set of scalar measurands. D
rences [19, [I3] cover sector-specific aspects of conformity assessment.

The afidience of this documhent includes quality managers, members of standards development organizat

tion af
agenci

2 N

ithorities and the staffs of testing and measuring laboratories, inspection bodies, certification bo
ks, academics and researchers.

[ormative references

lcer’s risk).

ypes of conformity assessment problems are-addressed. The first is the setting of acceptance limits that will

the setting of
ical) items are

e extended to
ocuments such

ons, accredita-
lies, regulatory

The following referenced documents are indispensable for the application of this document.

JCGM 100:2008. Evaluation of measurement data — Guide to the expression of uncertainty in measurement (GUM).

JCGM 101:2008.| Evaluation of measurement data — Supplement 1 to the ” Guide to the expression of uncertainty in

measu

rement” — Propagation of distributions using a Monte Carlo method.

JCGM 102:2011.] Evaluation of measurement data — Supplement 2 to the ”Guide to the expression of uncertainty in

measu

rement” — Extension to any number of output quantities.

JCGM 200:2012.| International vocabulary of metrology — Basic and general concepts and associated terms (VIM3).
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ISO/IEC 17000:2004. Conformity assessment — Vocabulary and general principles.

ISO 3534-1:2

ISO 3534-2:2

006. Statistics — Vocabulary and symbols — Part 1: Probability and general statistical terms.

006. Statistics — Vocabulary and symbols — Part 2: Applied statistics.

3 Terms and definitions

For the purposes of this document the definitions of JCGM 100:2010, JCGM 101:2008 and JCGM 200:2012 apply,

unless otheryise indicated. Some of the most relevant definitions from these documents are given succinetl

Supplement

Further defii
important inl

For definitioy
NOTES are

In this docuy
rather than Y

NOTE Citat

3.1 Tern]

3.1.1
probability
distribution
probability n

NOTE Therg

clause [3.1.2),

[Adapted fro

3.1.2

a‘ty information, including notes and examples, can be found in the normative references.

jitions are also given, including definitions taken, or adapted, from other sources, which”are e
conformity assessment.

s that cite other documents, a NOTE that occurs prior to such citation is a part<ef the cited enta
articular to the present document.

i

hent, the terms “indication” and “maximum permissible error (of indi¢ation)” are taken to be q

balues, in contrast with JCGM 200:2012.

ons of the form [JCGM 101:2008 3.4] are to the indicated (sub)clausés of the cited reference.

s related to probability

distribution

heasure induced by a random variable

are numerous, equivalent mathematical representations of a distribution, including distribution fung
probability density function, if it exi§ts (see clause[3.1.3)), and characteristic function.

m ISO 3534-1:2006 2.11]

distribution function

function givi

[JCGM 101:]

hg, for every valfie)&; the probability that the random variable X be less than or equal to &:
G (Q&Pr(X <€)

00832

y below.

pecially

y; other

hantities

tion (see

3.1.3

probability
PDF

derivative, w

NOTE gy ()

[Adapted fro

density function
hen it exists, of the distribution function

9x (5) =dGy (5)/(16

d¢ is the ‘probability element’
gx (§)dg =Pr(§ < X <&+ d9).

m JCGM 101:2008 3.3]
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3.14
normal distribution
probability distribution of a continuous random variable X having the probability density function

for —oo < £ < 400

NOTE 1 p is the expectation (see[3.1.5)) and o is the standard deviation (see|3.1.7) of X.

NOTE|2 The normal distribution is also known as a Gaussian distribution.
[JCGM 101:2008 3.4}

3.1.5
expedtation
for a dqontinuous random variable X characterized by a PDF g, (£),

(o]
B0 = [ eo(d
—00
NOTE[1 The expectation is also known as the mean.

NOTE[2 Not all random variables have an expectation.

NOTE|3 The expectation of the random variable Z = F(X), for.8/given function F(X), is
B@) = BE) = [ FEa o

[JCGNI 101:2008 3.6]

3.1.6
variance
for a dontinuous random variable X characterized by a PDF g, (&),

veo - [ T B gy () de

NOTE| Not all random vafiables have a variance.
[JCGNI 101:2008 37)

3.1.7
standard @deviation
positiye 8quare root of the variance

[JCGM 101:2008 3.8]

3.2 Terms related to metrology

3.2.1

quantity

property of a phenomenon, body, or substance, where the property has a magnitude that can be expressed as a number
and a reference

[JCGM 200:2012 1.1]
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3.2.2

quantity value
value of a quantity

value
number and

reference together expressing magnitude of a quantity

[JCGM 200:2012 1.19]

3.2.3

true quantity value

true value of

a_quantity

true value
quantity valy

[JCGM 200:

3.24
measurand
quantity inte

[JCGM 200:

NOTE In thi

3.2.5

measureme
result of mes
set of quanti

NOTE A md
with an assoc
(c) a PDF; orf

[JCGM 200:]

3.2.6

measured d
value of a m
measured va.
quantity valy

NOTE A me

[JCGM 200:4

le consistent with the definition of a quantity

012 2.11]

nded to be measured

012 2.3]

s document, the measurand is a measurable property of an item of jnterest.

nt result
surement
Ly values being attributed to a measurand together with any other available relevant information

ated measurement uncertainty; (b) a coverage,iiterval for the measurand with an associated coverage pr
(d) a numerical approximation to a PDF.

012 2.9]

uantity value

pasured quantity

ue

le representing a njeasurement result

hsured quantity\value is also known as an estimate, or best estimate, of a quantity.

012 2.10]

3.2.7

I

asurement result may be expressed in a number of ways, by giving, for example, (a) a measured quantlity value

bability;

coverage intekval
interval containing the set of true quantity values of a measurand with a stated probability, based on the information

available

[JCGM 200:2012 2.36]

3.2.8

coverage probability
probability that the set of true quantity values of a measurand is contained within a specified coverage interval

[JCGM 200:2012 2.37]
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3.2.9

indication

quanti

NOTE

ty provided by a measuring instrument or measuring system

1 An indication is often given as the position of a pointer for an analogue output or the displayed or

for a digital output.

NOTE

2 An indication is also known as a reading.

[Adapted from JCGM 200:2012 4.1]

3.3

3.3.1
confo
activit

[Adap
3.3.2

inspe
confor
[Adap

NOTE

3.3.3

specified requirement

need d

NOTE|

[1SO/1

NOTE
variabl

NOTE

measul

EXAM
(the pyf

EXAM
[999.5

Terms related to conformity assessment

rmity assessment
v to determine whether specified requirements relating to a product, process, systeut, person or b

bed from ISO/IEC 17000:2004 2.1]

ction

bed from ISO 3534-2:2006 4.1.2]

A measurement performed as part of conformity assessment(is sometimes called an inspection measurd

r expectation that is stated

EC 17000:2004 3.1]

1 The term ‘expectation’ in the context of a specified requirement is not related to the expectati
e; see definition

2 In this document, ‘% _typical specified requirement takes the form of a stated interval of permisg
able property of an itent.

PLE 1 A sample-of industrial waste water (the item) is required to have a mass concentration of di
operty) of no‘greater than 10ng/L.

PLE 2 “\A~ grocery scale (the item) is required to have an indication R (the property) 1
< RN< 1000.5 g] when measuring a standard 1 kg weight.

=3

printed number

dy are fulfilled

mity assessment by observation and judgement accompanied, as appropriate, by measurement, tesfing or gauging

ment.

Specified requirements may be stated in normative documents such as regulations, standards and technichl specifications.

n of a random

ible values of a

bsolved mercury

n the interval

3.3.4

tolerance limit

specifi
specifi

cation limit
ed upper or lower bound of permissible values of a property

[Adapted from ISO 3534-2:2006 3.1.3]

3.3.5

tolerance interval
interval of permissible values of a property

[Adapted from ISO 10576-1:2003 3.5]
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NOTE 1

Unless otherwise stated in a specification, the tolerance limits belong to the tolerance interval.

NOTE 2 The term ‘tolerance interval’ as used in conformity assessment has a different meaning from the same term as it is
used in statistics.

NOTE 3 A tolerance interval is called a ‘specification zone’ in ASME B89.7.3.1:2001 [2].

3.3.6
tolerance

specified tolerance
difference between upper and lower tolerance limits

3.3.7
conformangd
probability t

3.3.8
acceptance
specified upy

[Adapted fro
3.3.9

acceptance
interval of p¢

NOTE 1 Uy
NOTE 2 An
3.3.10

rejection in
interval of n

NOTE1 A
3.3.11
guard band

interval betw

NOTE The g

3.3.12
decision ru
documented
rejecting an

e probability
hat an item fulfills a specified requirement

limit
er or lower bound of permissible measured quantity values

m ISO 3534-2:2006 3.1.6]

interval
rmissible measured quantity values

less otherwise stated in the specification, the acceptance limits belong to the acceptance interval.

acceptance interval is called an ‘acceptance zone’ in ASME B89.7.3.1 [2].

terval
n-permissible measured quantity values

Fejection interval is called an ‘rejection zone’ in ASME B89.7.3.1 [2].

een a tolerance limit and-a corresponding acceptance limit

uard band includes the limits.

e
rule that describes how measurement uncertainty will be accounted for with regard to acce
temygiven a specified requirement and the result of a measurement

pting or

[Adapted fro

3.3.13

m ASME B89.7.3.1-2001 [2]]

specific consumer’s risk
probability that a particular accepted item is non-conforming

3.3.14

specific producer’s risk
probability that a particular rejected item is conforming
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3.3.15

global consumer’s risk

consumer’s risk

probability that a non-conforming item will be accepted based on a future measurement result

3.3.16

global producer’s risk

producer’s risk

probability that a conforming item will be rejected based on a future measurement result

3.3.17

measj:rement capability index

tolera
propet

NOTE

3.3.18

maximum permissible error (of indication)

MPE
for a 1
indica

NOTE
a speci

NOTE
ideal n|
error of

4 (
For th|
4.1
subscr]
(See J
4.2

4.3

The €]
explici

ce divided by a multiple of the standard measurement uncertainty associated with the measy
ty of an item

In this document the multiple is taken to be 4; see clause[7.6.3]

heasuring instrument, maximum difference, permitted by specifications-er regulations, between
ion and the quantity being measured

1  When more than one maximum difference is specified, the term\ “maximum permissible errors” is us
fied maximum negative difference and a specified maximum positive difference.

2 The error of indication can be written as £ = R — Rp.\where R is the indication and Ry denotes the
heasuring instrument measuring the same measurand Y In the testing and verification of a measuring
f indication is typically evaluated by measuring a calibrated reference standard.

onventions and notation

e purposes of this document the following conventions, notation and terminology are adopted.
In the GUM, the standard-uneertainty associated with an estimate y of a measurand Y is writtei
ipt “c”, denoting “combined” standard uncertainty, is viewed as redundant and is not used in
CGM 101:2008 4.10).

An expression Written A =: B means that B is defined by A.

When thefgs no potential for confusion, the symbol u, rather than u(y), will be used for notati

panded uncertainty U is generally taken to be U = ku using a coverage factor of k = 2; the valy
tly when there is potential for ambiguity.

red value of a

the instrument

bd; for example,

indication of an
instrument, the

L as uc(y). The
his document.

bnal simplicity.
e of k is given

4.4

Aspraperty of interest (the measurand) is regarded as a random variable ¥ with possible valnes . When Y is

measured, evaluation of the measurement data yields a measured quantity value 7y, taken to be a realization of an
observable random variable Yy,. In general, the measured value 7, will differ from Y by an unknown error E, say,

which

4.5

4.6

depends on random and systematic effects.

A tolerance interval specifies permissible values of the measurand Y. A conformity assessment decision is based
on the measured value 7, and the relation of n,, to a defined acceptance interval.

Knowledge of the quantities Y and Y}, is encoded and conveyed by conditional PDFs whose forms depend on
available information. Conditional PDFs are written with a vertical bar, with information to the right of the bar
regarded as given. The PDF for a measurand Y before measurement is gy|;(n|I), where the symbol I denotes prior
information.
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4.7  Following a measurement of a property of interest, yielding an observed measured value 7, the post-
measurement PDF for Y is gy, 1(01m, I)-

4.8  The analogous PDFs for the possible values 7, of the measuring system output quantity Yy, are (a), gy, |1 (fm|1),
encoding belief in possible measured values given only the prior information I, and (b), gy, 5,1 (m|n, I), the analogous
PDF when, in addition to the prior information I, the measurand is assumed to have a given true value Y = 7.

4.9  In the interests of brevity, in this document explicit display of the fixed prior information I is largely omitted.
Also, PDF's for Y and Y, are expressed in terms of symbols g and h respectively, using the following notation in which
subscripts are largely suppressed:

—  For pre-jmeasurement knowledge of the measurand Y,

gY|1(77|I) =:9,(n);

— For post-measurement knowledge of the measurand Y,

9Y (0,1 (M0, 1) =2 9 (N]7m) 5

— Knowledge of possible measured values given only the prior information I,

gYm|1(7)m\I) =: hy (1) ;

— Knowledge of Yy, assuming, in addition to information I, a given value'Y = n of the measurand,
9Yanln, 1 (Mea|11, ) =2 P (11 [7) -

These PDF's|are not independent but are related by Bayes’ theéerem (see clause )

4.10  Accfrding to Resolution 10 of the 22nd CGPM~2003) “ . . . the symbol for the decimal marker [shall be

either the pdint on the line or the comma on the line\. ¥ . 7. The JCGM has decided to adopt, in its documents in
English, the [point on the line.

5 Tolergnce limits and tolerangce intervals
5.1 Confprmity assessment measurements

5.1.1  Consider a situationwheére a property of an item of interest, such as the error of indication of a voltineter, is
measured in order to decide. whether or not the item conforms to a specified requirement. Such a test of conformity

comprises a g$equence of fihree operations:

— measure| the property of interest;

— compard theé measurement result with the specified requirement;

— decide on a subsequent action.

5.1.2  In practice, once the measurement result has been obtained, the comparison/decision operations are typically
implemented using a previously established and stated decision rule (see[3.3.12)) that depends upon the measurement
result, the specified requirement, and the consequences of an incorrect decision.

5.1.3  Guidance is available regarding the formulation of a decision rule. ISO 14253-1 [2I] and ASME B89.7.3.1
[2] provide guidelines for documenting a chosen decision rule and for describing the role of measurement uncertainty
in setting acceptance limits. These documents address decision rules involving two or more possible decisions, and
include the binary decision rule, with which this document is concerned, as a special case.
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5.1.4 A measurement performed as part of a conformity assessment is designed to obtain information sufficient
to enable a decision to be made with an acceptable level of risk. An appropriate measurement strategy will balance
the cost of reducing measurement uncertainty against the benefit of more certain knowledge of the true value of the
measurand.

5.1.5  An inspection measurement together with an associated decision rule is thus closely related to matters such

as costs and risks. As such, the design of a satisfactory conformity assessment is often not a purely technical exercise.
If the goal is to minimize cost, then given a suitable economic model the problem can be reduced to direct calculation.

5.2 Permissible and non-permissible values: tolerance intervals

5.2.1| In this document, specified requirements for a measurand of interest consist of limiting values, ¢alled tolerance
limits,| that separate intervals of permissible values of the measurand from intervals of non-permissiple values [22].
Intervils of permissible values, called tolerance intervals, are of two kinds:

— alone-sided tolerance interval with either an upper or a lower tolerance limit;

— altwo-sided tolerance interval with both upper and lower tolerance limits.

In eitHer case, an item conforms to the specified requirement if the true valug of the measurand lies within the tolerance
intervgl and is non-conforming otherwise. The above tolerance intervals are\llustrated in figure

5.2.2| Seemingly one-sided tolerance intervals often have implied additional limits, for physical or theoretical reasons,

that are not explicitly stated [22]. Such tolerance intervals are effectively two-sided, having one spedified limit and
one injplied limit; see examples 4 and 5 below.

Tolerance interval

Tolerance interval

Tolerance interval

©

Figure 2 — Tolerance intervals. (a) A one-sided interval having a single lower tolerance limit 71; (b) a
one-sided interval having a single upper tolerance limit Ty; (c) a two-sided interval having lower and
upper tolerance limits. The difference Ty — T7, is called the tolerance.

NOTE 1 In some cases, such as food safety or environmental protection, specifying the tolerance limits in conformity assess-
ment measurements may involve uncertainties related to the difficulty in assessing the consequences of incorrect decisions [29].
A related problem in reliability analysis, called completeness uncertainty, is associated with unanalysed contributions to risk
[31].

NOTE 2 Matters such as completeness uncertainty bear no relation to the measurement uncertainty associated with an
estimate of a measurand resulting from an inspection measurement. In this document the tolerance limits are taken to be fixed
constants.
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5.3 Examples of tolerance limits

EXAMPLE 1

Single upper tolerance limit

The breakdown voltage V4, for a certain type of Zener diode is specified to be no greater than —5.4 V. For a conforming diode,
W lies in the open interval V;, < —5.4 V.

EXAMPLE 2

Single lower tolerance limit

A metal container for soft drinks is required to have a bursting strength B of not less than 490 kPa. Conforming values of B
lie in the open interval B > 490 kPa.

EXAMPLE 3

An OIML Cl4
mass m of thq
is one for whi

EXAMPLE 4

An environmg
greater than ]
is an implied
of mercury in

EXAMPLE 5

Powdered sod|
basis in percel
which is an in
the interval 9

6 Know
6.1 Prob

6.1.1 In
measurand)
mation. Suc
(called prior

6.1.2 Thd
particular st
a conformity
a measuremse
of the measu

fability and information

Explicit upper and lower tolerance limits

ss E1 1 kg weight [25] is specified to have a maximum permissible error (MPE) of 500 pg. ThiS)means
weight is specified to be not less than 0.999 999 5 kg and not more than 1.000 0005 kg. A conferniing 1 }
th the mass error £ = m — mo, with mo = 1 kg, lies in the interval —500 pg < E < 500 pg:

Explicit upper and implied lower tolerance limits

ntal regulation requires the mass concentration X of mercury in a stream of/industrial waste water
0 ng/L, which is an explicit upper tolerance limit. Since the mass concentration’cannot be less than zd
lower tolerance limit of 0 ng/L. A sample of waste water complies with the ‘tegulation if the mass conc
the sample lies in the interval 0 ng/L < X < 10 ng/L.

Explicit lower and implied upper tolerance limits

ium benzoate, used as a food preservative, is required to haye a-purity P, expressed as a mass fraction
nt, of no less than 99.0 %, which is an explicit lower tolecanée limit. The purity cannot be greater thal
hplied upper tolerance limit. A conforming sample of soditm benzoate is one for which the sample puri
0% <P <100 %.

ledge of the measurand

measurements performed as part of a conformity assessment, knowledge of a property of intel
s modelled by a conditionaliprobability density function (PDF) whose form depends on availalj
h information always hastwo components: that which is available before performing the meas
information) and the additional information supplied by the measurement [38].

PDF for a property of interest (the measurand) encodes and conveys belief in its possible values
te of knowledge.© A poorly known measurand generally has a broad PDF, relative to the require
assessmentyindicating a wide interval of possible values compatible with meagre information. Pe
nt provides fresh information that serves to sharpen the PDF and to narrow the interval of possib
rand:

6.1.3 The

that the
g weight

to be no
ro, there
bntration

on a dry
h 100 %,
ity lies in

est (the
le infor-
urement

given a
nents of
forming
e values

affcetof a nanciiraraant to thaac b o s Aot o o e oo g 1din
Heet-oaeast Hpaate-apF H

P a post-

orpriorlatata of knawladaa <ia
e eR+HHs+ Heastremeht{orpriof-State-orkhovwteageyerath

measurement (or posterior) state of knowledge that includes the measurement data. The rule for this transformation
is called Bayes’ theorem and the underlying mathematical framework is known as Bayesian probability theory. In this
document the results of this framework are used without detailed development or proof. A considerable literature is
available; see, for example, references [4, [5l [16] 26] 27, 39].

6.2 Baye

6.2.1

s’ theorem

In conformity assessment, a measurable property Y of an item of interest is regarded as a random variable

with possible values denoted by 7. Before measuring Y, reasonable belief in its possible values is characterized by a
prior (pre-measurement) PDF g, (r) whose form is independent of the measuring system (see clause [4.9)).

10
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6.2.2  The prior PDF g,(n) is often assigned based on knowledge acquired by previous measurements of similar
items. Methods for assigning a prior PDF for a property of interest are discussed in Annex
6.2.3 In a typical inspection measurement, the quantity Y is measured using a procedure designed to provide

sufficient information to assess conformity with a specified requirement.

NOTE
note 1]

1
).

The same symbol is used for a quantity and for the random variable that represents that quantity (see [GUM 4.1.1

NOTE 2 Guidance on the assignment of PDFs in some common situations is given in JCGM 101:2008 and Annex [B]

6.2.4
denotd

and E

6.2.5

where
expres

6.2.6
T, al]

A meg
likelih
cause

6.2.7
systen
instru
experi

normall (Gaussian) distribution.

6.2.8
nation|
measu|

6.2.9
of the
knowl

Tho omtput of The MeasuTing SyStenT 1S & qUalttity Tegarded as a Tandoln Variabie Yo, Wit
d by nm. Measurement of Y yields a particular realization, the measured quantity value g, (56
ED, and the resulting posterior (post-measurement) PDF for Y, given this new information, s w

g (77|Ym = nm) =4 (77|77m) :

The prior and posterior PDF's are related by Bayes’ theorem

g (nnm) = Cgy(n) h (uln),

given a measured value 7, C is a constant chosen such that ffooo g (N|m) dn = 1. The te
sion is the PDF for the possible values of Y;,, given some particular value Y = 7 of the meaq

Expressed as a function of n for a measured value 7y,, the PDF h (n,|n) is called the likelih
d is written as

b (1mln) = £ (175 Nm) -

surement can be viewed in terms of stimulus and response or in terms of input and output. In
bod function £ (n;7m) characterizes the distribition of plausible stimuli or inputs (values of n) t
the observed response or output (measured value 7y, ).

The form of the likelihood function will depend on the specific measurement problem and

ment calibrations and the resilts of measurements of calibrated artefacts or standard reference
bnce with similar systems,-Iivmany cases of practical interest, the likelihood function can be chal

Bayes’ theorem(shows how the posterior (post-measurement) state of knowledge is derived
of prior (pre-nmfeasurement) information, encoded in the prior distribution, and information s
rement, represented by the likelihood function.

In many cases, the measuring system is employed in order to supplement relatively meagre p|
meagurand with accurate measurement information. In such a case, the posterior (post-measurs
bdge PDF is essentially defined by the likelihood function (encoding the measurement informati

ossible values

e clauses

itten as

(1)

m f (1m|n) in
urand.

ood of n given

this view, the
hat might have

the measuring

), as described in a mathematiealD model, as well as on other relevant information such as historical data,

materials, and
racterised by a

from a combi-
lipplied by the

rior knowledge
bment) state of
n), i.e.,

g (Mnm) = Ch (mln)

to a close approximation, where C is a constant.

6.3

6.3.1

Summary information

Best estimate and standard uncertainty

A measurement result is often summarized by giving an estimate of a measurand and a parameter that characterizes
the dispersion of probable values about this estimate. In this document, the estimate y of a property Y is taken to be
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the expectation (see[3.1.5) E(Y |nm). The associated dispersion parameter u(y) = u, called the standard uncertainty,
is taken to be the standard deviation (see[3.1.7) of Y, the positive square root of the wvariance (see|3.1.6) V(Y |7 ).
E(Y|nm) and V(Y |nm) are given by

oo

/

oo
:u2:/

= (n —v)*9 (Nnw) dn.

o0

E(Y|nm) =y ng (nnm) dn,  V(Y[1m)

oo

The standard uncertainty u characterizes the dispersion of Y about the estimate y. When the PDF for Y

is single-peaked (unimodal) and symmetric, the estimate y is also the most probable value of Y i.e., the mode of the

6.3.1.1
distribution.
6.3.1.2 H

yields an est
prior inform

estimate y =
6.3.2 Cov
6.3.2.1 Fi
where G(z)
6.3.2.2 I
6.3.2.3 A
Guidance on
approximati
6.3.2.4 W

on the best e
measure of U
coverage fact

br a measurement analysed according to JCGM 100:2010 (GUM), evaluation of the measurem
mate of the measurand (measured quantity value) 7., and an associated standard uncertainty
ition is assumed to be so meagre that the post-measurement PDF g (n|n,) can be sunfimarise
Nm and the associated standard uncertainty u = uy, (see clause [7.6.1)).

brage intervals
bllowing a measurement, the probability that Y is no greater than a given value a is
a
Pr(Y < ali) =Gl = [ g(aln) dn
—o0

3 f_zoc g (M|nm) dn is the distribution function of Y, given data 7y,.

follows that the probability p that Y lies in the inter¥al {a, b], with a < b, is

b

p=h@§Y§MmJ=/gmmam:G@—Gw»

a

n interval such as [a,b] is called a coverage interval for Y, and p is the associated coverage pro
constructing a coverage interval with’a desired coverage probability, including the case of a
n to the distribution function obtained by a Monte Carlo method, is given in JCGM 101:2008.

hen the PDF for YV is symmetricand unimodal, an important and widely-used coverage interval is
btimate y, with a length equalto a multiple of the standard uncertainty u. The GUM defines an a
ncertainty called the expaiided uncertainty, U, obtained by multiplying the standard uncertaint
or k:

U = ku.

he coveragedactor is chosen in order to achieve a desired coverage probability associated with the
U,y + UJ~The relationship between k and the associated coverage probability depends on the

bnt data
m- The
I by the

(2)

bability.
discrete

centred
|ditional
v u by a

(3)

Coverage
PDF for

QVErage interval of the form [yfrlv yJ»TT} is sometimes called an uncertaintyv interval asin ISQ 10576-1:200

3.7 [22).

6.3.2.5 T
interval [y —
Y.

NOTE1 A
NOTE 2

coverage prob

7 Proba

ability. See JCGM 101:2008 5.3.4 for guidance on this calculation.

bility of conformity with specified requirements

7.1 General rule for calculation of conformance probability

7.1.1

If the PDF for Y is asymmetric, it may be more appropriate to determine the shortest coverage interval for a given

An item conforms to a specified requirement if the true value of its associated property Y lies in the tolerance

interval. Knowledge of Y is conveyed by a PDF g (7|nm) so that a statement of conformity is always an inference,

12
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with some probability of being true. Denoting the set of permissible (conforming) values of Y by ¢, the conformance
probability, denoted by p., is given by

7.1.2

pe=Pr(Y € Clnm) = /g(nlnm) dn.

Cc

Expression gives the general rule for calculating the probability that an item conforms

(4)

to a specified

requirement based on measurement of a relevant property of the item. Given a two-sided tolerance interval for the
measurand Y, for example, with lower limit 77, and upper limit Ty, ¢ = [T, Tu] and the conformance probability is

Ty

7.1.3

7.2

7.2.1
the P]
and th

functi

7.2.2

is mea|
approy
estimd

NOTE

NOTE|

7.2.3
confor]
a smal

7.2.4

specifi
by

7.2.5

Te= UAVIUTYRSYE
¢ /TL
Since the item either does, or does not, conform to specification, the probability that(it does

ﬁczlip(:'

Conformance probabilities with normal PDFs

The conformance probability depends on a state of knowledge of a measurand Y as encoded ai
F g (n|nm). In many cases it is reasonable to characterise knowledge\sf Y by a normal distribu
is probability can be calculated. If the prior distribution is normal and the measuring system (i.e.
n) is characterised by a normal distribution then the distribution g (n|nm) is also a normal disty

More generally, if the likelihood function is characteriSed by a normal distribution and the pr
ore, then the posterior (post-measurement) PDF willhe) approximately normal. In such a case,
rimated adequately by a normal distribution with expectation (mean) and standard deviation giy

te y and standard uncertainty u calculated as in glause [6.3.1]
1 A normal distribution is completely specified by its expectation (mean) and standard deviation.
2 Some properties of normal PDFs are geviewed in Annex [A]

Because of their familiarity andywidespread use, normal PDFs will be used to illustrate the
mance probabilities in many examples in this document. Such calculations can be extended to
1 number of indications givesirise to a scaled and shifted ¢-distribution (see JCGM 101:2008 6.4

Suppose that the RDF g (9|nmy,) for the measurand Y is (or is well approximated by) a norn]
bd by a best estimates(expectation) y and standard uncertainty (standard deviation) w. Then g

1
9{(nnm) = m exp l (

I general, the estimate y depends on 7y, i.e., y = y(nm). When knowledge of YV is meq

1

2

n—-y
U

>2] =: ¢ (ny,u?).

not conform is

1d conveyed by

ion (see [3.1.4)
the likelihood

ibution.
or information

(n|nm) can be
ren by the best

calculation of
the case where
9).

al distribution
(n|nm) is given

(5)

ere before the

measu

7.2.6
is

where

CIICt, them typicatt =T SCC Clause 2y 4 4 for o eXanpic witere this 1S ot the case:
) ms

From the steps leading to expression , the probability that Y lies in the interval [a, b], given the PDF ({),

Pr(a <Y < blnm) :<I>(b_uy> % (a;y>
Y =y(nm) and
®(z) = \/1271/_; exp(—t2/2) dt

(6)
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is the standard normal distribution function (see Annex [A)).

7.3 One-sided tolerance intervals with normal PDFs

7.3.1 Sing

le lower tolerance limit

Figure [3] shows a one-sided tolerance interval with a single lower tolerance limit 77,. Conforming values of a property
of interest Y lie in the interval n > T1,. Knowledge of Y following an inspection measurement is conveyed by a normal

PDF, shown

superimposed an the tolerance interval The hest estimate g lies in the tolerance interval: the shaded

region to the
with a = TL7

Since ®(t) +

Fig
meg
esti

left of T1, indicates the probability that the item does not conform with specification. From exptres
b — 0o, and noting that ®(co) = 1, the conformance probability is

T —
pC:1—<I>( L y)
u

®(—t) = 1, the probability can be written

— T
pczq’(yuL)-

Tolerance interval

Ty n
ire 3 — Tolérance interval with a single lower tolerance limit 71,. Knowledge of a quantity Y (the

surable property of interest) following measurement is characterized by a normal PDF with best
nate y_and’ associated standard uncertainty u. Conforming values of Y lie in the interval n > 7Ti,.

sion @,

(7)

7.3.2 Single upper tolerance limit

Figure [4] shows a normal PDF superimposed on a one-sided tolerance interval with a single upper tolerance limit Ty .
Conforming values of a property of interest Y lie in the interval 7 < Tyy. In this case, the shaded region to the right
of Ty indicates the probability that the item does not conform with specification. From expression @, with a — —o0,
b = Ty, and noting that ®(—oco) = 0, the conformance probability is

Ty —y
=0 (VYY)

(9)
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Toleranceinterval

/

7.3.3

Proba,

where
equal
for sey

EXAM
standa|
voltagg
that tH

y W n

Figure 4 — As figure |3| except with a single upper tolerance limit 7Ty. Conforming values of YV lie
interval n < Ty.

General approach with single tolerance limits
ilities and @D are of the same form and can be written as
Pc = CD<Z)7

z = (y — 1) /u for a lower limit and z = (Ty — y)/wA0r an upper limit. In both cases, p. is g
fo 1/2 for an estimate y in the tolerance interval (z £)0Y and less than 1/2 otherwise. Table[1]sh
eral values of the conformance probability pc.

Table 1 — Conformance (pc) and non-conférmance (p. = 1 — pc) probabilities for one-sided tole
intervals and normal PDFs. For a lower litnit, z = (y — 71,)/u; for an upper limit, z = (Ty — y)/u. 1
cases, z > 0 forian estimate y in the tolerance interval

Pe P 2
0.80 0.20 0.84
0.90 0.10 1.28
0.95 0.05 1.64
0.99 0.01 2.33
0.999 0.001 3.09

PLE 1 The breakdown voltage V4, of a Zener diode is measured, yielding a best estimate v, = —5.47 V|
d uncertainty ©v = 0.05 V. Specification of the diode requires V4, < —5.40 V, which is an upper limit on
. Then 2\='[—5.40 — (—5.47)]/0.05 = 1.40, and from expression (10), p. = ®(1.40) = 0.92. There is a g
e dioderconforms to specification.

in the

(10)

reater than or
bws values of z

ance
n both

with associated
the breakdown
2 % probability

EXAM

PLE 2 A metal container is destructively tested using pressurized water in a measurement of its burs

ing strength B.

The measurement yields a best estimate b = 509.7 kPa, with associated standard uncertainty u = 8.6 kPa. The container
specification requires B > 490 kPa, which is a lower limit on the bursting strength. Then z = (509.7 — 490)/8.6 = 2.3 and,
from expression (10)), pc = ®(2.3) = 0.99. There is a 99 % probability that the container conformed to specification prior to the
destructive test.

7.4

Two-sided tolerance intervals with normal PDF's

Figure |5 shows a two-sided tolerance interval with tolerance limits 77, and Ty and length T' = Ty — T}, defining the
tolerance T'. As previously, knowledge of a measurand Y is assumed to be conveyed by a normal PDF. The estimate
y lies in the tolerance interval and there is a visible fraction of the probability in the region n > Ty beyond the upper
tolerance limit.
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Toleranceinterval

Figuy

Using expres

EXAMPLE
12.5 mm?/s a|
estimate y =

so that

There is a 66

equal to the tolerance 7. Conforming values of Y lie in the interval 71, < < Ty.

sion @ with b = Ty and a = T1, yields the conformance probability

e =D To—y\ _ 4(L-vy
¢ U m '

A sample of SAE Grade 40 motor oil is required to have a kinematic viscosity Y at 100 °C of no
hd no greater than 16.3 mm?/s. The kinematic\viscosity of the sample is measured at 100 °C, yieldix
3.6 mmz/s and associated standard uncertainty v = 1.8 mm2/s. Following expression , form the qu|

(Tv —y)/u = (16.3 — 13.6)/1.8,£1.5, (T —y)/u = (12.5 — 13.6)/1.8 = —0.6,

pe = (1.5) —(~0.6) = 0.93 — 0.27 = 0.66.

% probability that the sample of motor oil conforms to specification.

e 5 — As figure [3| except with a two-sided tolerance interval. The length, Ty — 71, ofthe interval is

(11)

ess than
g a best
ntities

7.5 Conformance probability and coverage intervals

7.5.1 A measurement result can be summarized by giving a coverage interval with an associated coverage probability
(see clause rather than an explicit PDF for a measurand Y. In such a case, a statement of conformance
probability can be made by comparing the coverage interval with the tolerance interval. If a coverage interval with
coverage probability p lies wholly within the tolerance interval, then p. cannot be less than p. This observation is
illustrated in figure [6] which shows two 95 % coverage intervals near an upper tolerance limit.

7.5.2  Interval (a) extends beyond the tolerance limit and without knowing the form of the PDF for Y, no definite
statement can be made about the conformance probability.

16


https://iecnorm.com/api/?name=3dc841aed0235de4433113bd556be06a

JCGM 106:2012

ISO/IEC GUIDE 98-4:2012(E)

Tolerance interval
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p.= 95%
(b) ——

7.5.3
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7.5.4
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decidin]

NOTE
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NOTE|
regulaf]
straigh

7.6

7.6.1

prope
is assy

Figure 6 — Two 95 % coverage intervals for a measurand Y near an upper tolerance limit 73, Int

for Y. Interval (b) lies wholly within the tolerance interval; for this interval pd>+95 %.

All values in interval (b) are less than the tolerance limit and there are corforming values of
to this interval, so that p. > 95 %.

In general, if [Miow, Mhigh] 1S & coverage interval for Y, with coverage probability p, then
r a single upper tolerance limit Ty, pc > p if Nnigh < Tu;
r a single lower tolerance limit T1,, p. > p if Mow > TL;
r a two-sided interval with upper and lower toleranée litnits Ty and T1,, pe > p if Mow > 11, and

1 Comparison of a coverage interval for a propefty of interest with an interval of permissible values
g conformity with specification as described in ISO 10576-1 [22].

2 Given the PDF for Y, the conformancé-probability can always be calculated. The PDF for a me
htive than a coverage interval with its ass@ciated coverage probability.

3 When a conformity assessment_ of a measuring instrument is performed — particularly when tH
ed by specific standards — the.definition of the measurand, and consequently the uncertainty evaluat
tforward and may require spécific attention.

Measurement capability index C,

Consider the'case where prior information is so meagre that knowledge regarding possible value
ty Y can Be“eonsidered to be completely supplied by the measurement. In such a case, if the dis

med tobe& normal PDF ¢ (n|nm) = ¢ (77; Y, u2), then y & ny, and u ~ u,, (see clause|A.4.4.3). T

subclajuses it is assumed that this is the case, and a measurement result will be summarised by the {

(nma U

L )5 taken to be the expectation and standard deviation of a normal PDF.

prval (a)

extends beyond the tolerance limit and the conformity cannot be decided without knowledgée of the PDF

Y that do not

Mhigh < TU.

is the basis for

hsurand is more

e assessment is
on, may not be

8 of a measured
tribution for Y
n the following
WO parameters

7.6.2

A parameter that characterises the quality of the measurement, relative to a requirement

tolerance, is called the measurement capability index (see|3.3.17)) defined by

where

7.6.3

T

o 22U’

4upy,

T_

Cn =
dum,

U = 2uy, is the expanded uncertainty with coverage factor k = 2.

specified by a

(12)

The factor of 4 in expression is arbitrary; the particular choice is motivated by the widespread use of
the coverage interval [y — 2um, Jm + 2um| in reporting the result of a measurement. In the case where g (n|nm) is a
normal PDF, the coverage probability for such an interval is approximately 95 %.
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7.6.4 There is a close connection between C,, and other derived parameters that have been used to characterize
measurement quality in various contexts. Among these are gauging ratio, gauge maker’s rule, test uncertainty ratio
(TUR) [32] and test accuracy ratio (TAR) [I]. Such parameters are typically stated in ratio form such as a 10-to-1
rule or a TUR of 4:1. Care has to be taken when such rules are encountered because they are sometimes ambiguously
or incompletely defined. Definition , on the other hand, makes clear that a statement such as C}, > 4 means
that uy, <7T/16.

7.6.5 In the calibration or verification of a measuring instrument, a specified requirement is often expressed in terms
of a mazimum permissible error (of indication) (see . Such a requirement means that when the instrument
is used to measure a quantity Y, the error of indication must lie in an interval defined by specified upper and lower
limits. In the_common case of a svmmetric interval [—F E } the tolerance is T — 2F and the measurement

capability in¢lex is

_ 2EIII&X _ EII]B,X

In this expression, U is the expanded uncertainty, for a coverage factor k = 2, associafed*with a measuremeit of the
error of indidation of the instrument.

7.7 Meagurement capability index and conformance_probability

7.7.1  For| a normal PDF, expression gives the conformiance probability p. in terms of a particulat pair of
tolerance lindits (71, Ty) and a particular measurement resultsummarized by (y,w). Taking y = 7y, and u = |uy,, this
expression cgn be re-written in a form suitable for a genéral measurement problem by defining a quantity

~ Mm *TL
=t L (13)

For an estimpte 7y, in the tolerance interval, y lies in the interval 0 <y < 1.

7.7.2  For|a normal post-measuirement PDF ¢ (77; Nm, ufn), expression can then be written, using expressions

(1) and (13

De=P [4Cm(1 - m] - @(—4Cm® = pc(ga Om)v (14)

so that p. is completely determined by the two quantities ¥ and Cl,.

7.7.3 It is often the case that the standard uncertainty w,, associated with an estimate 7, has a fixed value
that depends on the design of the measuring system, but is independent of 7. A series of water samples, for
example, might be inspected to determine, for each sample, a concentration of dissolved mercury, using a measurement
procedure that yields different estimates, each having the same associated standard uncertainty u,,. In such a case the
measurement capability index Cy, = T /4uy, is fixed, and a question as to whether or not a measured property conforms
to specification with an acceptable probability can be decided based on the estimate 7n,,, using expressions and
with C\, fixed.

NOTE A case where the standard uncertainty um, is proportional to the estimate 7, is treated in [I3] Appendix A].
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Figure 7 — Measurement capability index Cr, = T/(4um) versus y =AM )- 11.)/T, showing the logus of
constant 95 % conformance probability p.. The curve separates regiens/of conformity and non-copformity
at a 95 % level of confidence. The post-measurement distributionfor the measurand Y is taken tp be the

normal PDF ¢ (7]; nm,u?n).

7.7.4| There is an infinite number of pairs (7, Cy,) that<{yield a given conformance probability p.|via expression
. Figure E shows C, versus 7 along a curve of constant{95 % conformance probability for estimated 7,, within the
tolerace interval 0 < g < 1. The curve separates regionsiof conformity (unshaded) and non-conformity (shaded) at a
95 % level of confidence.

7.7.5| The horizontal axis in figure [7| corregponds to Cy, = 1, or u,, = T/4. For this relatively [large standard
uncertlainty it can be seen that p. > 95 % only for 0.45 < i < 0.55. If the measured property was required to conform
to spefification with at least a 95 % level of<eonfidence, an acceptable estimate 7, would thus have to lip in the central
approximately 10 % of the tolerance interval.

8 Acceptance intervals
8.1 |Acceptance limits

8.1.1| A decision-'to accept an item as conforming, or reject it as non-conforming, to specification] is based on a
measulred valué. gy, of a property of the item in relation to a stated decision rule that specifies the role df measurement
uncertfainty-in. formulating acceptance criteria. An interval of measured values of a property that result in acceptance
of thelit€m 1S called an acceptance interval (see , defined by one or two acceptance limits (see EE[)

8.1.2  As suggested in the Introduction, acceptance limits and corresponding decision rules are chosen in such a way
as to manage the undesired consequences of incorrect decisions. There are a number of widely used decision rules that
are simple to implement. They can be applied when knowledge of a property of interest is summarised in terms of a
best estimate and corresponding coverage interval. Two such decision rules are described in the following subclauses.

8.2 Decision rule based on simple acceptance

8.2.1  An important and widely used decision rule is known as simple acceptance [2] or shared risk [20]. Under
such a rule, the producer and user (consumer) of the measurement result agree, implicitly or explicitly, to accept
as conforming (and reject otherwise) an item whose property has a measured value in the tolerance interval. As
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the alternative name ‘shared risk’ implies, with a simple acceptance decision rule the producer and user share the
consequences of incorrect decisions.

8.2.2 In practice, in order to keep the chances of incorrect decisions to levels acceptable to both producer and user,
there is usually a requirement that the measurement uncertainty has been considered and judged to be acceptable for
the intended purpose.

8.2.3  One approach to such consideration is to require, given an estimate of a measured quantity, that the associated
expanded uncertainty U, for a coverage factor k = 2, must satisty U < Upax, where Upax is a mutually agreed maximum
acceptable expanded uncertainty. This approach is illustrated by the following example.

EXAMPLE In legal metrology [40], a decision rule based on simple acceptance has been used in the verification ofynjeasuring
instruments. [Consider such an instrument that is required to have an error of indication in the interval [—Enad3Filax]. The
instrument is Jaccepted as conforming to the specified requirement if it meets the following criteria:

(a) in measuring a calibrated standard, the best estimate e of the instrument error of indication E satisfie$
le] < Fmax, and

(b) the expahded uncertainty for a coverage factor k = 2 associated with the estimate e satisfies

U < Umax = Emax/3.

In terms of the measurement capability index, criterion (b) is equivalent to the requirement that Cm > 3 (see clause [ED

8.2.4  Angther practical acceptance decision rule follows from what is referred to as the “accuracy method” de-
scribed in IE[C Guide 115 [19]. In this approach, a well-characterised test'method is used and sources of uncertqinty are
minimised by (a) use of measuring instruments with maximum pegmissible errors within specified limits, (b) fenviron-
mental infludgnces, such as temperature and relative humidity, maintained within specified limits, (c) well-docfimented
control of lalporatory procedures, and (d) well-documented competency of measurement personnel.

8.2.5 By |controlling sources of variability within presefibed limits, the measurement uncertainty associafed with
a best estimfate of a measurand is assumed to be negligible, is not explicitly evaluated, and plays no role in an
accept/rejecq decision. The approach of IEC Guide“115 Procedure 2 (the “accuracy method”) formalizes [the cur-
rent practice of electrotechnical testing laboratories in using state-of-the-art measuring equipment and routjne, well
established tpst methods.

8.2.6  Depending upon the relative sridth of the tolerance interval and the coverage interval, a simple ac¢eptance

decision rulef or similar decision rule, caw’ often support the quality objectives of measurements and calibrationg carried
out in support of conformity assesSments.

8.3 Decision rules based on guard bands
8.3.1 Genleral considerations
8.3.1.1  Accépting or rejecting an item when the measured value of its property of interest is close to a tplerance

limit may result in an incorrect decision and lead to nndesirable consequences. Such incorrect decisions are ceneral]y

of two kinds in the case of a single upper tolerance limit [illustrated in figure |8 outcomes (b) and (c)].

8.3.1.2  With a decision rule based on simple acceptance and the common case of a symmetric unimodal PDF
(such as a normal distribution) for the measurand, the probability of accepting a non-conforming item [figure (8| (b)]
or rejecting a conforming item [figure 8] (c)] can be as large as 50 %. This would happen, for example, if the measured
value of a property lay very close to the tolerance limit. In such a case about 50 % of the PDF for the measurand
would lie on either side of the limit, so that whether the item is accepted or rejected, there would be a 50 % chance
of an incorrect decision.

8.3.1.3  Either of these probabilities can be reduced, at the cost of increasing the other, by choosing acceptance limits
offset from the tolerance limits, a conformity decision strategy called guardbanding; see references [6, [7}, 8, 9, 12, 17}, [44].
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Figure 8 — Simple acceptance decision rule near an upper tolerance limit Ty, with four 95 % cd
intervals. For such a decision rule, the acceptance limit Ay coincides with th€ tolerance limit. D
to accept or reject inspected items are based on measured values (trianglés); the true values (c
cannot be known. Cases (b) and (c) lead to incorrect decisions calledAfalse acceptance and false r
respectively (see clause [9.3.2). In case (c) the true value of the measurand lies (unknowingly) ouf
95 % coverage interval.

Guarded acceptance
1  The risk of accepting a non-conforming item cdn e reduced by setting an acceptance limif
ice interval, as shown in figure @ The interval defined by Ty and Ay is called a guard band (s

ulting decision rule is called guarded acceptance:

Guarded acceptance is also known as stringeht acceptance [2] and positive compliance for acceptance

w>0

Acceptance interval Guard band

Ay

Figure 9 —“Decision rule based on guarded acceptance. An upper acceptance limit Ay inside an|

toleraneélimit Ty defines an acceptance interval that reduces the probability of falsely accept

non-conforming item (consumer’s risk). By convention, the length parameter w associated with a
acceptance guard band is taken to be positive: w =Ty — Ay > 0.

(verage
pcisions

rcles)

bjection,

side the

Ay inside the

be 13.3.11)), and

18].

upper
ng a
guarded

8.3.2.

2

w for a guard band, viz.

U):TU—AU.

For a guarded acceptance decision rule, w > 0.

8.3.2.

3

coverage factor k = 2, U = 2u, viz.

w=rU,

The difference between a tolerance limit and a corresponding acceptance limit defines a length parameter

In many applications, the length parameter w is taken to be a multiple of the expanded uncertainty for a
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with the multiplier r chosen to assure a minimum conformance probability for an item that is accepted. A common
choice is r = 1, in which case w =U.

EXAMPLE ISO 14253-1 [2I] establishes a default guarded acceptance decision rule for demonstrating conformity with spec-
ification. Figure is adapted from ISO 14253-1, figure 7. In the case of a two-sided tolerance interval, upper and lower
acceptance limits are offset from the corresponding tolerance limits by guard bands with length parameter w = U = 2u.

The aim of the guard bands, with w = 2u, is to ensure that for any measured value lying within the acceptance interval, the
probability of accepting a nonconforming item is at most 2.3 %, assuming a normal PDF for the measured quantity. This
maximum probability occurs if the measured value of the property coincides with an acceptance limit. For measured values
away from the acceptance limits, the probability of a false acceptance will be less than the maximum.

U=2u U=2u

«——— Acceptanceinterval ——»|

A A

T Tolerance interval T

Figure 10 — Two-sided acceptance interval created by reducing the tolerance interval on either side by
the k|= 2 expanded uncertainty U = 2u. This is the default decision rule established in ISO 14253-1 [21]

In ISO 1425341, an acceptance interval is called a conformance zone, andha/tolerance interval is called a specification zpne. The
labels in figurp [10f follow the conventions of this document.

8.3.3 Gualrded rejection

8.3.3.1 A acceptance limit outside a toleranc&’interval, as shown in figure can be chosen so as to |increase
the probability that a rejected item is truly non-conforming. Such a guarded rejection decision rule is often employed
when one wants clear evidence that a limit has-been exceeded prior to taking a negative action.

NOTE Guargled rejection is also known as'stringent rejection [2] and positive non-compliance for rejection [I§].

8.3.3.2  Thhe length parameter,upnfor a guarded rejection guard band is w = Ty — Ay < 0.

w<0

\ e
Acceptance interval

Guard band

Ty A

Figure 11 — Decision rule based on guarded rejection. An upper acceptance limit Ay outside an upper
tolerance limit Ty defines an acceptance interval that reduces the probability of falsely rejecting a
conforming item (producer’s risk). The length parameter w associated with a guarded rejection guard
band is w =Ty — Ay < 0.

EXAMPLE 1 Speed limit enforcement

In highway law enforcement, the speed of motorists is measured by police using devices such as radars and laser guns [42]. A
decision to issue a speeding ticket, which may potentially lead to an appearance in court, must be made with a high degree of
confidence that the speed limit has actually been exceeded.
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Using a particular Doppler radar, speed measurements in the field can be performed with a relative standard uncertainty u(v)/v
of 2 % in the interval 50 km/h to 150 km/h. Knowledge of a measured speed v in this interval is assumed to be characterised
by a normal PDF with expectation v and standard deviation 0.02v.

Under these conditions one can ask, for a speed limit of vg = 100 km/h, what threshold speed vmax (acceptance limit) should
be set so that for a measured speed v > vmax the probability that v > vp is a least 99.9 %?

This mathematical problem is equivalent to the calculation of a conformance probability for a one-sided tolerance interval (see
clause [7.3]). Here a value of z = (Umax — v0)/(0.02Umax) is needed for which 99.9 % of the probability lies in the region V' > vy.
From table [[] on page [[5]it is seen that z = 3.09, so that

Vo 100

— — km/h =~ 107 km/h
1-0.02z 1-0.02x 3.09

The inferval [100 km/h < v < 107 km/h] is a guard band that ensures a probability of at least 99.9 % that the speed limit has
been ekceeded for a measured speed of 107 km/h or greater.

EXAMPLE 2 Drugs in live animals and animal products

The arfabolic steroid nandrolone belongs to a group of substances banned as growth promot€rs’in food-producihg animals. The
substapce occurs naturally in some live animals and consequently a threshold (tolerance)limit 7" equal to 2.0 pg/L has been
establighed.

In a scfeening test for nandrolone, a measured concentration exceeding the threslield value with a probability off 95 % or greater
is consjdered suspect and should be followed up by a confirmation procedures

In performing a screening test, a laboratory wishes to set a decision (acceptance) limit A given by
A=T+g,

where [y = |w| is a guard band (see figure 11), such that for a nfeasured concentration value y > A the probability that Y > T
is at least 95 %.

The laboratory validates its measurement procedure by spiking ten blank samples at a concentration level close fo the threshold.
The sgmples are measured under within-laboratory reproducibility conditions, yielding an observed reprodudibility standard
deviation s (ISO 3534-2, 3.3.12) of 0.20 pg/L.

From the spiking experiment, the laboratory, concludes that its measurements are free from significant systemptic errors. The
measufement uncertainty is dominated by ‘reproducibility effects and the PDF for nandrolone concentration Y [is thus taken to
be a sdaled and shifted ¢-distribution (see"JCGM 101:2008 6.4.9) with v = 9 degrees of freedom.

From 4 table or appropriate software for the t-distribution (one-sided, v = 9 degrees of freedom, 95 % probabljlity), the guard
band i§ calculated as

g = tofsexX s = 1.83 x 0.20 pg/L = 0.37 ug/L.
A sample with measured value y of nandrolone concentration greater than or equal to
A= (2.00+0.37) pg/L = 2.37 pug/L

is thus|ceonsidered suspect.

9 Consumer’s and producer’s risks
9.1 General

9.1.1 In conformity assessment using a binary decision rule, a property of an item is measured and the item is
accepted as conforming if the measured value of the property lies in a defined acceptance interval. A measured value
outside the acceptance interval leads to rejection of the item as non-conforming. Figure which reproduces figure
on page illustrates the intervals of interest, showing a tolerance interval (of conforming values) and an acceptance
interval (of permissible measured values).
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9.1.2

The use of guard bands provides a way to limit the probability of making an incorrect conformance decision

based on measurement information as summarised by a coverage interval. The present clause is concerned with a more
precise evaluation of such probabilities for a production process. The evaluated probabilities depend on two factors,
the production process and the measuring system.

9.1.3

If the measuring system were perfectly accurate, all conformance decisions would be correct and all risks

would be zero. An increase in measurement uncertainty means an increase in the probability of an incorrect decision,
and the probability is greatest when measured values are close to the tolerance limits.

9.1.4

Cao

The risks also depend on the nature of the production process. If the process rarely produces an item whose

property of i
if a process
measurement
evaluated.

Figuj
true Y
define

9.2 PDF5

9.2.1 Corf
values 7. TJ
yielding viald
of property }
production Q
based on kn(

NOTE Assig

terest is near the tolerance limits, there is less opportunity for incorrect decisions to be made
roduces items with properties likely to be close to tolerance limits, the uncertainties associatéd
s are brought into play. The remainder of this clause shows how the contributions of both dactor]

Acceptance interval

A

Tolerance interval

e 12 — Binary conformity assessment where decisions are based on measured quantity values. Th
ralue of a measurable property (the measurand)’ef‘an item is specified to lie in a tolerance interva
by limits (71,,7y). The item is accepted as conforming if the measured value of the property lies
an acceptance interval defined by limits (Ay}Ay), and rejected as non-conforming otherwise.

for production process and measuring system

isider a process that prodiices a sequence of items, each having a measurable property Y with
he process might be a machine producing resistors of nominal resistance 10 k{2 or a sampling
of ocean water containing dissolved mercury. For an item chosen at random from the process, ki
" before it is measured is conveyed by a prior PDF g,(n). The PDF g,(n) can be said to charact
rocess, and is.sometimes called the process probability density. The form of g,(n) is typically
wledge acquited by measuring the property of interest in a sample of produced items.

hing a prior’ PDF based on a measured sample of items is discussed in Annex [B]

9.2.2 Co

output of theT
assuming a known input value Y = n, are encoded and conveyed by a PDF h (Mm

quantities su

9.3 DPossi

9.3.1

formlty assessment of a produced item is realized by a measurement of the property of interd

nversely,
with the
s can be

1%

—

possible
process
owledge
brize the
hssigned

st. The

7). The form of h (Nm|n) is
based on the design of the measuring system, information supplied by calibrations and knowledge of relevant influence

ch as environmental parameters and material properties.

ble outcomes of an inspection measurement with a binary decision rule

lues 7y,
assigned

Let ¢ and C denote, respectively, intervals of conforming and non-conforming values of Y, and let 4 and a

denote, respectively, intervals of acceptable and non-acceptable values of Y. In figure for example, C corresponds

to values of Y in the interval 11, <Y < Ty, and 4 corresponds to values of Yy, in the interval Ay, <Yy, < Ay.
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9.3.2  With a binary decision rule there are four possible outcomes of a conformity assessment test that yields a
measured quantity value ny,:

Valid acceptance: the item is accepted (Y, = nm € 4) and conforms with specification (Y € C).
This is a desired outcome of the conformity assessment test, leading to acceptance of a conforming
item.

False acceptance: the item is accepted (Yo = nm € A4) but does not conform with specification
(Y € ¢). This is an incorrect decision whose probability is called consumer’s risk, because the cost
associated with such a mistake is often borne by a consumer, or user, who accepts the item as fit for

s purnose and-acts accordinelss
g g (oRive

NOTE False acceptance is also known as a pass error or a false positive.

For a particular measured item accepted as conforming, given a measured value Y,
probability of false acceptance is called the specific consumer’s risk (seef313.13|) [38], d
From the definition of conformance probability it can be seen that R is given by

RE = 1 - pCa
for a measured value 7, in the acceptance interval. For an_ifern’chosen at random from
process, the probability that it will be falsely accepted-following a measurement is c

consumer’s risk (see[3.3.15) [38], denoted by Rc. Calendation of Re is considered in ¢

Valid rejection: the item is rejected (Y, = 1y € ?Zl) and does not conform with specifi
This is a desired outcome of the conformity asSessment test, leading to rejection of a

=1, € 4, the
enoted by R¢.

the production
lled the global
ause

ation (Y € C).
on-conforming

item.

h specification
k, because the
item that has

False rejection: the item is rejected” (Y, = nm € ﬁ) but actually conforms wit|
(Y € ¢). This is another incorregtdecision whose probability is called producer’s rig
cost associated with such a mistake is often borne by a producer who cannot sell an
failed a test of conformity.

NOTE False rejection is also known as a fail error or a false negative.

=1m € 4, the
enoted by Rp.

For a particular nieasured item rejected as non-conforming, given a measured value Yy,
probability of false rejection is called the specific producer’s risk (see [3.3.14) [38], d
From the definition of conformance probability it can be seen that Ry is given by

R;; = Dc;

idom from the
bment is called

1 in clause

fér-a measured value 7, outside the acceptance interval. For an item chosen at rai
production process, the probability that it will be falsely rejected following a measur
the global producer’s risk (see[3.3.16]) [38], denoted Rp. Calculation of Rp is considere

9.4 The joint PDF for Y and Y,

9.4.1 Asseenin clause the specific consumer’s risk and specific producer’s risk R¢, and Rp are simply related
to the conformance probability for a particular measured item, given the result of a measurement. If the value of
the property Y is outside the tolerance interval and a measured value Y;, is within the acceptance interval, then a
consumer’s risk has been realised. The probability that these two events occur, i.e., the global consumer’s risk, is
specified by a joint probability distribution that depends on the production process and the measuring system.

9.4.2  The joint probability density can be written as a product of densities that are already known. In words, the
probability that the value of the measurand Y is outside the tolerance interval and measured value Y}, is within the
acceptance interval is given by the probability that the production process produces an item with a true value of Y
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outside the tolerance interval multiplied by the probability that the measuring system produces a measured value Yy,
within the acceptance interval, given that the measurand Y is outside the tolerance interval.

9.4.3  Similarly, the global producer’s risk is defined in terms of the same joint probability distribution. If the
tolerance interval, the production process and the measuring system are regarded as fixed, the global consumer’s risk
and global producer’s risk are determined by the acceptance limits. The acceptance limits can thus be set to achieve
an acceptable balance of the two kinds of risk. In general it is not possible to set the acceptance limits to minimise
both the consumer’s and producer’s risks simultaneously: decreasing one will increase the other.

9.4.4
are generally

nsed in the sense of global risks. as described abaove

In the quality control and conformity assessment literature, the terms ‘consumer’s risk’ and ‘producer’s risk’

9.4.5 For
assessment t4
selected item
a measuremg

where f (1, 14

9.4.6 Usi
in two ways,

and

9.4.7 Thd
the forms of
desired. Sucl

9.5 Calc
9.5.1 Hist

9.5.1.1 Iy
Such calcula
when a largd
equal to the
requirement.
measurement

a given production process and measuring system, knowledge of the possible outcomes of+a‘“co
st of an item selected at random is described by a joint probability density function. For Such a r
, the probability that (a) the value of the measurand Y lies in the interval n <Y < 5 #dn and
nt of Y would yield a measured value Yy, in the interval n, < Yy, < ny + dny, is given by

Pr(n <Y <n+dnand m < Y < 0m + d0m) = £, 9m)dn A,

) is the joint PDF for Y and Y;,.

hg the product (or multiplication) rule of probability theory, the joint density f(n,7m) can be fg
according to

F(,mm) = go(n) b (1 |m)

f(ﬂ, nm) = ho (nm) g (77|77m) .

two PDFs on the right in expression (16a)) are the two probability densities described in clause 9.
these PDF's, the two probability densities on the right-hand side of expression ([16b]) can be calct

| a calculation is illustrated in Annex\[A] (see clauses and |A.4.4).

1lation of global risks
orical context

i the following stibclauses, formulae are developed for calculating the global risks of incorrect d
ions have traditionally been performed using measured frequency distributions of the various o
sample of{meminally identical items are measured. The global consumer’s risk, in such an app
fraction\of) items in a measured sample that are accepted for use but do not conform with a

Suehnon-conformance, for a particular item, has to be demonstrated after the fact by a
with an uncertainty much smaller than that of the measuring system used in the conformity ass

hformity
indomly
that (b)

(15)

ctorized

(16a)

(16b)

J Given
1lated, if

ecisions.
utcomes
oach, is
kpecified
separate
Pssment.

9.5.1.2

The global risks below are calculated using probability distributions rather than frequency distributions,

so that it is not necessary to consider an ensemble of measured items that may not, in fact, exist. Numerically,
the calculated probabilities will always agree, on average, with measured frequencies. Thus acceptance limits can be
chosen to yield acceptable fractions of mistakenly accepted or rejected items, on average, in the conformity assessment
of items in a sample.

9.5.2 General formulae

9.5.2.1  Given the joint PDF (16a)) and the two probability densities g,(n) and h (nm|n), the probabilities of each
of the four possible outcomes described above (see clause can be calculated. These probabilities are simply the
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respective volumes under the joint probability density f(n,nm), integrated over the four regions that describe all
possible outcomes.

9.5.2.2

consumer’s risk is

Ro = /Z [q 9o (1) 1 (m[n) dnpmdn.

=

9.5.2.
risks.
to be

r a measured value outside the acceptance interval and a value of Y within the tolerance intei
oducer’s risk is

sz/C/Ego(n)h(nmln) dnmdn.

B Expressions (17) and (|18) are general formulae for the calculation of global consumer’s
Depending on the particular form of the PDFs g, (n) and h (nm|n), explicitevaluation of R¢ an
berformed numerically.

Of particular interest are the global consumer’s risk and global producer’s risk, calculated as follows:

For a measured value in the acceptance interval and a value of Y outside the tolerance interval, the global

(17)

val, the global

(18)

hnd producer’s
| Rp may have

9.5.3 | Special case: Binary decision rule
9.5.3.1  For the particular binary conformity assessment illustrated in figure formulae and become
TL o0 AU
Ro= ([ [ ) [ bl dn, (19)
— 00 TU AL
and
AL o0 TU
re=( [ [ ) [ oSl dndn, (20)
— 00 AU TL
9.5.3.2  Use of expressions and in the case where the joint PDF is a product of n¢rmal distribu-
tions s illustrated in the following example. Properties of normal distributions, including the partjcular forms of

expreq
EXAM
A supy
item),

and TY

A mac

sions ((19) and (20)), are ‘discussed in Annex
PLE Manufacture_of precision resistors

lier of electrical.components produces wire-wound precision resistors of nominal resistance 1500 2. For e
the resistarie€Y (the property of interest) is specified to lie in a tolerance interval defined by the limits
= 1500.2 9.

hiné for producing such resistors is evaluated by measuring a sample of its output, using a high-accuracyj

hch resistor (the
Tr, = 1499.8 Q

ohmmeter with

negligi

ple.measurement uncertainty. A histogram of the measured values appears normal in shape, centred on tH

e nominal value

with a standard deviation o = 0.12 . Based on this information, a normal PDF g¢,(n) = ¢ (n; Yo, ué) is assigned to model the
production process, with yo = 1500 Q and up = o = 0.12 Q.

For a t

ypical resistor produced by this machine, the conformance probability is

Ty 1500.2
pc:/ 90 (1) dn:/
Ty, 1

¢ (n;1500,0.12%) dn ~ 0.90 = 90 %.

499.8

(21)

If the supplier simply shipped every resistor produced, about 10 % of them would be non-conforming, which for economic
reasons is judged to be unacceptable. By purchasing a more expensive production machine the process variability could be
reduced. In this case it is decided, considering the relative costs, to keep the existing machine and implement an inspection
process to detect and remove non-conforming resistors.
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In production, the resistors are inspected for conformity with specification using a calibrated high-speed ohmmeter. A normal
PDF h (nm|n) = ¢ (nm; 7, ufn), with um = 0.04 €, is assigned to encode and convey belief in the interval of measured values that
might be observed when measuring a known resistance Y = 7. The assignment is based on a model of the measuring system
and an evaluation of the measurement uncertainty, including the uncertainty associated with the ohmmeter calibration.

In order to reduce the probability of shipping resistors that do not meet specification (the consumer’s risk), acceptance limits
A =1499.82 Q, Ay = 1500.18 Q are chosen inside the tolerance interval(see ﬁgure page, creating a guarded acceptance
interval with symmetric guard bands of length

w = (1500.2 — 1500.18) 2 = 0.02 2 = 0.25U.

The consumer’s and producer’s risks are then calculated from expressions (A 15)—(A.17)) with

po(z) = (1/v2m) exp (—2"/2)

and
F(z)=® (W) —® (W) = B(4.5 — 32) — D(—4.5 — 32).
Numerical integration yields
—1.667 oo
Rc = / F(2)po(z)dz +/ F(2)po(z)dz =0.01 =1 %,
—oo 1.667

and

[1 - F(2)]po(2)dz = 0.07T =7 %.

1.667
RP - /
—~1.667

Interesting fe
produced by 1

tures of this conformity assessment procedure can\be noted by considering an average sample of 100
he machine, measured, and accepted or rejected.@s suitable for use:

resistors

— given thg properties of the production process, 90 ofithe resistors conform with specification and 10 do not conform (see
expression [[21)));

— of the 90| conforming resistors, 83 are accepted and 7 falsely rejected as non-conforming;

— of the 10| non-conforming resistors, 9 are'rejected and one falsely accepted as conforming;

— 84 of thq resistors are accepted;\of these, 83/84 ~ 99 % conform, with about 1 % out of tolerance. This is the goal of
the inspectjon measurement, r¢ducing the proportion of non-conforming resistors, among those accepted for use, from 10 %
to 1 %;

— of the 16|resistors thdtlare rejected, 7/16 ~ 44 % actually conform with specification. This is a price to be paid for|reducing
the risk of fccepting(non-conforming products.

9.5.4 Settlingvacceptance limits

9.5.4.1 In the example above, the global risks Rc and Rp were calculated given known acceptance limits Ap, and

Ay. In most real applications, a desired level of risk is chosen based on a cost analysis and acceptance limits are
calculated so as to ensure that the desired risk level is achieved. Such calculations are not straightforward. A practical
approach to such problems is via graphical solution, as illustrated in the following example.

EXAMPLE Ball bearing production

A manufacturer produces large numbers of precision ball bearings. The performance specification for these bearings (the items)
requires that, for each of them, the radial error motion (the property of interest) be less than 2 um. Radial error motion of a
bearing is undesired motion perpendicular to the axis of rotation. For a perfect bearing, the radial error motion would be zero;
any real bearing will have a positive radial error motion.
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In order to characterize the production process, the radial error motions of a large sample of bearings are measured, using
a high-accuracy test apparatus with negligible measurement uncertainty. For this sample, the average observed radial error
motion is ¥ = 1 pm, with an associated sample standard deviation s = 0.5 pm.

Prior to shipment, bearings are tested for conformity with specification. In these tests the radial error motion is measured using
a calibrated test apparatus. The measuring system is characterized by a normal PDF ¢ (nm; 7, uﬁj) with a standard uncertainty
of um = 0.25 pm.

For economic reasons, the fraction of non-conforming bearings sold to customers as conforming (the global consumer’s risk)
must be held to 0.1 % or less. How can an acceptance limit A be chosen to satisfy this requirement?

The cd
motion

uUgp = S

7
7,

——— acceptance interval ——s—

toleranceinterval ————=|

guard band

W=rU
=2ru

m

0

Figure 13 — Tolerance and acceptance intervals/for the conformity assessment of ball bearin

A

Permissible values of radial error motion Y lié\in the interval 0 < n <7T. The acceptance limit
separated from the tolerance limit 7' by a guard.band with length parameter w = rU = 2rum,. The
rule in this case is;guarded acceptance, with w > 0.

nformity assessment problém is illustrated in figure A conforming ball bearing is specified to hay

Y in the interval =<\ < T. Since the radial error motion is always positive, with measured valu
the prjor PDF for the rgdial’error Y will be modelled by a gamma probability density (see Annex clause

gs.
A is
ldecision

e a radial error
ks close to zero,
[B.3). Based on

the sample measurements; the expectation and standard uncertainty of the prior PDF are assigned to be yo + 7 = 1 um and
= 0.5 um. Using expressions (B.14]), the parameters o and X are calculated:
£ t
= = 47 )\ = == 4‘
= 05)2 (0.5)2
From definition (B.11) of the gamma probability density, the prior PDF for bearing radial error Y is then
128 3 4,
90(n) = gamma (n;4,4) = —=n’e”"", 7 >0. (22)
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Figur
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standard uncertainty ug = 0.5 um. Because the distribution is not symmetric,/the’ most probable value of
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Radial error motion 7/pum

b 14 — Gamma prior PDF given by expression (22)), assigned based on the frequiency distribution
easured radial error motions for a sample of ball bearings. The tolerance interval is the region
n < 2 ym. The expectation of the distribution is the prior estimate yo =4 i, with an associated

(the mode of the distribution, here equal to 0.75 pm) is not‘equal to yo.

shown in figure The probability that a ball bearing chdsen at random from the production procd
hl error motion greater than 2 pwm is indicated by the cros$-hatched region. This non-conformance prob

D. = / gamma (n; 4,4) dn = 0.042,
2

that if all ball bearings produced were shipped without being measured, about 4.2 % of them would|
he post-process measuring system is designied to detect non-conforming bearings so that they will not be|
b limit is desired to reduce the consumer’s risk Rc to 0.1 % or less. For the conformity assessment dec
e the tolerance interval correspoirds to 0 < Y < T and the acceptance interval to 0 < Yy, < A. In

he steps leading to expressions and , the global consumer’s and producer’s risks are evaluated

%) A T %)
Rc:/ / Go k) (Nm|n) dom dn, RP:/ / 9o (m) b (Nm|n) dopm dn.
0 0 A

T

m, dz =, dijfy /um, and performing the integrations over z, these expressions become

bf

ss would
hbility is

be non-
shipped.
sion rule

manner
hs

a meaduring systerfi~\characterized by a mnormal PDF A (nm|n) :go(nm;n,u,zn), making the subdtitutions

o [Tt s (s o= [ -s (A a

5

From figure [13|it can be seen that A =T — 2ruy,. Here T' = 2 pum and um = 0.25 pm. Then setting g, (1) equal to the gamma
PDF of expression yields the explicit results

Re(r) = 5 [ @ (5= 20 ) - a(-an)'e " an
2
128 (2 .
Rp(r) = T/ [1—®(8—2r—4n)] 7]36747] dn.
0

(23)

(24)
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Figure 15 — Global consumer’s risk R¢ versus guard band multipliex'@/ For r ~ 0.65, the acceptar]
is A=T —2(0.65)um = 1.7 um, and the desired risk"Rs = 0.1 % is achieved.

ntegrals cannot be evaluated in closed formy but they can be calculated numerically for any chosen val
hultiplier r.

shows the global consumer’s risk Rc for —1 < r < 1. Positive r corresponds to A < T (guarded

e r corresponds to A > T. For'%x = 0 there is no guard band (A = T'), a decision rule called share
hnce (see clause [8.2). The figuré-shows that the desired level of risk, Rc = 0.1 %, is achieved for a guard
5. This results in a guardedsacceptance interval with acceptance limit

A=T — 2rum = (2 -2 x0.65 x 0.25) pm ~ 1.7 pm.

ce limit

ies of the guard

cceptance) and
1 risk or simple
band multiplier

This choice of acceptance limit solves the decision problem.

In conformity assessment with a binary decision rule, acting to reduce the consumer’s risk will always increase the producer’s
risk. This general rule is well illustrated by figure which shows Rp versus Rc, calculated numerically from formulae (23)
and , for the ball bearing example. For r = 0.65, the global producer’s risk Rp is about 7.5 %. This means that about 75
of every 1000 ball bearings that fail inspection would actually conform with specification, resulting in the loss of revenue that
would accrue if these good bearings were sold.

The generation of an increasing amount of conforming scrap is a cost of guarded acceptance, which seeks to reduce the acceptance
and shipment of non-conforming products. In practice a supplier must choose an operating point along a curve such as that
shown in figure that will balance the risks and yield an optimal outcome. The choice of such an operating point is a business
or policy decision that requires an economic analysis of the decision problem.
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P 16 — Global risks Rp versus Rc for the ball bearing example. Any\point on the curve correspon
articular value of r, the guard band multiplier, with several particular values identified. Acting t
b consumer’s risk by moving the acceptance limit farther inside\the tolerance interval (increasing
ys increases the risk of falsely rejecting conforming bearings.."An economic analysis is required to
ose an optimal decision rule. The open circle marks the gperating point in the worked example.

9.5.5 Genferal graphical approach

9.5.5.1  Fpr a process with given tolerance T', normal*prior PDF ¢, (1) = ¢ (77; Y0, ug) and normal measurin
PDF A (nm|rf) = ¢ (nm;n,uZ), a graph such as that shown in figure |17 can be created to aid in setting ac
limits.

9.5.5.2  In this example it is assumed that prior information is meagre in the sense that u2, < u2, so

estimate y ~

9.5.5.3 T

9.5.5.4 T
in a range fi|
w=—-U to

9.5.5.5 T

nm with associated standarddncertainty u = u,, (see clause[A.4.4.3).

he figure shows Rp versus R¢ for the particular case where ug = T'/6.

he five curves i tlie figure correspond to values of the measurement capability index Cy, =
pm 2 to 10, and -along each curve solid points locate guard bands with various length parametd

= U, witlitlie expanded uncertainty U equal to 2u.

O use~this particular graph it would be necessary to note that

ls

~

r system
eptance

that the

U/ (dtuy,)

rs, from

tolerance interval;

symmetric acceptance interval);

Rp and

R are calculated assuming normal process and measuring system PDF's;

for measurement capabilities other than the five values shown, interpolation is possible;

it is also possible to interpolate along the curves to estimate the guard bands.

th H 4 1 4 | Lot 41 3 43 4 ) g 1s 441 el 3 t fth
€ process—s—asstmeato ot Centrea; So—t1irat tire pPriot—estirate— g o te reasttrana resS—at— e mrapoiit O €

the upper and lower guard bands are assumed to have length parameters that are equal in absolute value (a
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9.5.6

9.5.6.

reducq the probability of making an incorrect-&ecept/reject decision. This observation is well illustrat
by the dotted lines that mark the loci of thevarious guard bands.

9.5.6.
were
risk wi

9.5.6.
RP ~
depen

9.5.6.
reduci

w=U
j ——C=2
I - Cc=4
10 =6
i ---C=8
= m
g: """ C =10
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& 01p
p} C
o C
9 |-
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[ h \ e
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0.00 0.05 0.10 0.15 0.20 0:25

Consumer's risk RC/%

Figure 17 — Global risks Rp versus R¢ for a binary conformiity‘assessment with prior stand
uncertainty ug = 7'/6. The five curves correspond to valueslof the measurement capability in
Cm = T/(4um) in an interval from 2 to 10. The solid points docate guard bands with length para
from w = —U to w = U, with U = 2u. Positive values of w“correspond to guarded acceptance, ¥
acceptance limits inside the tolerance limits as in figure on page

The value of reduced measurement uncertainty

1  Reducing the uncertainty associated*with the result a of conformity assessment measurd

P For a simple acceptance decision rule (w = 0) it is seen, for example, that if the measuremd
uch that Cy, = T/(4uy,) = 2,&hen the consumer’s risk would be Rc = 0.1 % and the correspond
buld be Rp ~ 1.5 %.

B Investing in aniimproved measuring system with Cy, = 10 would reduce these risks to R¢
0.07 % respectiyely” Whether such a reduction in measurement uncertainty would be econom
s on the tradeoff between the cost of the improved metrology and the money saved via fewer deg

1 Improying the production process (reducing the prior standard uncertainty wug) will have a s
hg both-eonsumer’s and producer’s risks, and will involve a similar kind of cost/benefit analysis

hrd

lex
meters
vith

ment will also

ed in figure

nt uncertainty
ing producer’s

~ 0.04 % and
cally desirable
ision mistakes.

imilar effect in
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Annex A
(informative)
Normal distributions

A.1 Normal probability density function

Al

Assume that a quantity of interest Y is measured, yielding a best estimate y and an associated standard

uncertainty u(y) = u. In many cases the dispersion of probable values 7 of Y about the estimate y, given a measured

ell characterized by a normal probability density fuinction (PDF), given by

value 7y, is

where y =

clause [A.4.4]

A.2 Inte

A.2.1 In
often has to ¢
in closed forr]
to introduce

A.2.2 Th

(a)

the stan

and

the erro

(b)

These functi

1

2

n—-y
U

2
g (Mnm) = u\}%exp[ ( > ] =: o(n;y,u”),

(m)- In many conformity assessment measurements, y = 7,, but this is notJalways the

brals of normal PDFs

computing coverage probabilities, conformance probabilities and Jer\¢onsumer’s and producer’s r
valuate integrals of normal PDF's between finite or semi-infiniteditnits. Such integrals cannot be e
h and are therefore evaluated numerically and tabulated. In erder to simplify the notation it is co
the standard normal PDF, g (t), defined by

po(t) = exp(—t?/2) = (t;0,1).

1
V21
ere are two common ways that one finds integrals of normal PDFs expressed:

ard normal distribution function, ®(t),defined by

z

0 = o= [ ew-ggi= [,

oo

function, erf(z), defined by

2 z
erf(z)= —/ exp(—t?) dt.
VT Jo
ns are simply related; from definitions (A.3) and (A.4) it is seen that

A.2.3
normal PDF

(A1)

ase; see

sks, one
valuated
hvenient

(A.2)

(A.3)

P(z) = % [1 —|—erf(z/\f2)}.

(A.5)

of expression (A.1)) this probability is given by

R - [_; (

n—y
U

Pr(a <Y < b|nm)

o

Setting z = (n — y)/u and dz = dn/u, this expression becomes

(b=y)/u b—y

u

a—y
U

Pr(a§Y§b|77m):/ @o@)dzzq’( )‘q’( )

(a=y)/u

Consider the probability that the Y lies in the interval a <Y < b, given a measured value 7,,. For the

(A.6)
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using expressions (A.2)) and (A.3).

A.3

A.3.1

Coverage probabilities for normal PDF's

In a common special case, points a and b define a coverage interval (or uncertainty interva

1) of width 2U

about the estimate y, where U = ku is the expanded uncertainty for a stated coverage factor k (see clause [6.3.2)).
Then a = y — ku, b = y + ku and expression (A.6) becomes

Pr(|Y —y| < ku|nm) = ®(k) — ®(—k) = erf(k/V?2) = P(k).

The ¢

A4
A4
A4l

prior ]
by

In the

A.4.2

A.4.2
functi
the P]

verage probabilities (or levels of confidence) for k = 1,2, and 3 are then:
P(1) = ®(1) — &(—1) = erf(1/v2) = 0.683 = 68.3 %,
P(2) = ®(2) — ®(—2) = erf(2/V2) = 0.955 = 95.5 %,

P(3) = ®(3) — ®(—3) = erf(3/V2) = 0.997 = 99.7 %.

Normal process and measurement probability densities
Prior PDF g,(n) for the measurand Y

1  Before performing a measurement, knowledge of-a&¢measurand Y is often well characterize
PDF. Denoting the best estimate by yo and the associated standard uncertainty by wug, this prio|

2
1 1 /n—yo wWo [wo 2}
= M 2 = — —_— = —_— _— — .
9o(n) = ¢ (m; 0, u5) " 27TeXp[ 2( ” )] \ 5 P[5 (n—%o0)

last expression a weight wo = 1/u3 has been introduced to simplify the subsequent development.

PDF h (nu|n) for Yy, given a value Y =1

1 Assume that the\measuring system used in a conformity assessment is characterised, via
n, by a normal PDB. If such a system is used to measure a property of interest with an assumg
F conveying belief in the possible values of Y;, is then given by

1 1 Mm — 1N 2 Wm Wm
A (Naln) = @ (Mmin,up,) = exp [— ( ) = exp [— (M —n

Um V 27T 2 U 27T

where

d by a normal
r PDF is given

(A.7)

the likelihood
d value Y =n

2 (A.8)

2

wn— 1/
i1x 7 TIT

A.4.2.2  The normal PDF of expression reasonably characterizes a measurement analyzed according to the
procedure described in the GUM, in the case where the conditions necessary for the validity of the central limit theorem
exist. The GUM assumes no prior knowledge of the measurand, so that the dispersion of values that could reasonably
be attributed to a measurand following a measurement is characterized by the standard uncertainty .y, .

A.4.3

Marginal PDF b (1) for Yy,

A.4.3.1 It is of interest to ask, and of practical value to know, what measured value 7, might be rea
were chosen at random from a production process and the property of interest Y measured. For a process characterized

lized if an item
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by the prior PDF of expression (A.7)) and measuring system characterized by the PDF of expression (A.8]), the desired

PDF can be

calculated as a marginal probability density, using expression ([16a), as follows:

o0

by (m) [ 9o (n) b (Nm|n) dn

WoW o 1 2 2
= Y [ xp [ (w0 00 O = )|
7 oo 2
1 WoWm [ 1 wowm ( )2}
= —,/———exp|—= —
o\ wo +wm D 2wt
T o
= exp |—= [ = A9
Un,, V270 P{ 2( Un )J (2.9
= @(ﬂm;yo,uim)»
where
wo + W 9 9
Upy =) ———— = \Jug + uh- A.10
Tlm Wo W 0 m ( )
A.4.3.2  The PDF h,(nm) is seen to be a normal distribution with expectation gg’and associated standarfl uncer-
tainty wu,,, given by expression (A.10]).
A.4.3.3  The expectation E(Y;,) = yo follows from the assumption that\the measuring system has been dorrected
for all recogifized significant systematic errors and is thus free from bias:
A.4.3.4  The standard uncertainty w,  in expression (A.10)/is\seen to be the quadrature sum of the dtandard
uncertaintied associated with the process and measuring systeih, PDFs. The two sources of uncertainty (an uncertain

process and
measured va
Up,, R Up any
the producti

A.4.4 Posterior (post-measurement) PDF ¢ (n|n,) for YV

A.4.4.1 H
for the meas

Comparison

hy(Mm) given
yields

an imperfect measuring system) combine in & natural way in their effects on knowledge of
ues of a property of interest. Given a high-adéuracy measuring system, in the sense that u, <
I uncertainty about possible measured quahtity values is almost all due to incomplete informatiq
N process.

[quating the right-hand sides'of expressions (16al) and (16b)), on page and rearranging yields {
irand Y following a measurement that yields a measured value 7,y,:

9gth (ihml)

g (Mlnm) = e (7)

with expression shows this result to be a statement of Bayes’ theorem, with the dend

(1) on page
by expression (A.9). Substituting the normal PDFs of expressions (A.7)—(A.9)) into expressio

possible
0, then
n about

he PDF

(A.11)

minator

| (1)

Wo + Wm wo + W WoYo + WmMm ?
g (77|77m) = T on T o n— W
m
1 1/n-— y> 2
uy/ 27 P [ 2 ( U ( )
= o(my.u?),
where
_ WoYo + wmnm’ (A.13)
wo + Wm
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and

1 1 UQUm
u = = = .
1 1 2 2
\/w0+w1n \/uig_i'_E \/u0+um

(A.14)

A.4.4.2 Bayes’ theorem shows the effect of new information about the measurand Y conveyed by the measured
value 7, and the associated standard uncertainty u,,. The posterior probability density is seen to be a normal
distribution whose expectation (best estimate) y, expression , is a weighted average of yo and 7y, with the
weights equal to the reciprocals of the corresponding associated variances.

A.4.43  From expression ({A.14)) it is seen that the standard uncertainty u associated with the estinfate y is always
less thlan both uy and w,,. There are two cases of special interest that are commonly encountered in pfractice.

— If] prior knowledge is so meagre that no attempt is made to assign an explicit prior PDE ‘to the[measurand Y,
then uy, < ug so that wy, > wp. From expression (A.14) it follows that

Y = M, U = U,

and all relevant knowledge of the possible values of Y can be said to deriyé fyom the measurement itgelf. Such mea-
syrements are the focus of the GUM, which is a guide to the evaluatien/of u,, given an appropriatf measurement
mjodel.

— In a typical calibration, a measuring instrument is used to measure a reference standard that realized an estimate yg
of a quantity Y with a small associated standard uncertainty ug. For such a calibration, the systpmatic error of
the instrument is poorly known a priori in the sense that uy < uy, or wy > wy. The posteriof PDF for Y is
then such that, again using expression 7

Y = Yo, U~ Ug-

I} accord with common sense, knowledge-of*the reference standard is unchanged by the calibratiorf measurement.
The instrument reading, however, conveys information about the error of indication of the instrument, which is
the quantity of interest in a calibration.

A.5 | Risk calculations with normal PDFs and a binary decision rule

A.5.1] General formulee for the calculation of global consumer’s and producer’s risks were derived in |clause[9.5] and
the splecial case of a, conformity assessment with a binary decision rule was treated in clause It is of interest
to derjve expressionisifor the global risks in the common case of a binary decision rule where prior knowledge of a
measufrand and-tlie possible outputs of a measuring system are both described by normal distributiong.

A.5.2| ,Given normal distributions, expressions (A.7) and (A.8)), for the PDF's characterizing the proquction process
and tHexmieasuring system, the joint PDF f(n, nm), (expression (|16a)) on page 7 for the outcome of § measurement

S, mm) = g,(n) b (m|n) = zmloumem{—; Kn;oyof - (T)T }

Letting v = (§m — 1)/tm, dv = dnm/um and 2z = (9 — yo)/ug, dz = dn/up and substituting into expressions ([19)
and yields, after simplification, the global consumer’s and producer’s risks:

T —
—L-%0 o0

Re = / " F(2)po(z) dz + /MF(Z)soo(Z)dz (A.15)
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